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Abstract 

We give a short summary of results and conjectures in the theory of dynamical quantum 
group related to the dynamical coboundary equation also known as IRF- Vertex transform. 
O.Babelon has shown that the dynamical twist F(x) of U q (sl(2)) is a dynamical coboundary 
M(x) i.e F(x)M 1 (xq h2 )M 2 (x) = A(M(x)). We give a new formula for this element M(x) 
as an infinite product and give a new proof of the coboundary relation. Our proof involves 
the quantum Weyl group element, giving possible hint for the generalization to higher rank 



I. Introduction 

While participating to the conference "Recent Advances in the Theory of Quantum Integrable 
Systems 2003" , LAPTH, Annecy-Le-Vieux, we have seen that there was some interest on very 
preliminary work we have done on the understanding of the shifted coboundary element some 
years ago. We have therefore decided to publish these results in the proceedings of the conference. 

The theory of dynamical quantum group is nowdays a well established part of mathematics, 
see the review by P.Etingof pQ. This theory originated from the notion of dynamical Yang-Baxter 
equation, which arose in the work of Gervais-Neveu on Liouville theory [2] and was formalized 
first by G.Felder |3| who also understood its relation with IRF statistical models. 

In its work on quantum Liouville on a lattice 4 , O.Babelon was the first to understand 
universal aspects of the dynamical Yang-Baxter equation. He introduced the notion of dynamical 
twist F(x) G U q {sl(2))® 2 and gave an exact formula for F(x). Quite remarkably he obtained 
the explicit formula on F{x) by noting that F(x) is a dynamical coboundary, i.e there exists an 
explicit invertible element M(x) 6 U q (sl(2)) such that: 

F(x) = A(M(x))M 2 (x)- 1 (Af 1 (V 12 ))" 1 . (1) 

Twelve years after this work, the theory of dynamical quantum groups is now well understood 
for U q (o) where g is a Kac-Moody algebra of affine or finite type. An important result is the 
so-called "linear equation" 5 6 7 which allows to express the dynamical twist as an infinite 
product of "dressed" i?-matrices. It is quite surprising that the theory of dynamical quantum 
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groups has made no significant progress on the understanding of the coboundary element. See 
however the articles [8] [Hj EH ■ 

We will now recall the present situation as well as conjectures. We will give in the next section 
a new formula for M(x) expressed as an infinite product. Using this formula we will show that 
we can recover (after some work !) the infinite product formula for F(x). The present work 
stems from an unsuccessful attempt to understand the structure of the coboundary for higher 
rank case. However we hope that our work will trigger some further study of the coboundary 
element and its relation with the quantum Weyl group. 

We first recall the results of Babelon using its notations. 

In the sequel we will denote [z] q — q q Z q -\ as weu as ( z )q = <l z ~ 1 [ z ]q- The (/—exponential is 
defined as: 

+°° z n 

exp^H^T-^ (2) 



where {n) q \ = (n) q • ■ • (1), 
It satisfies: 



and if xy = q 2 yx 



exp (z) exp i (-z) = 1, (3) 



exp g (x + y) = cxp q (y) exp q (x), (4) 
exp g (a;) exp q (y) = exp q (y) exp g ((l - q~ 2 )xy) exp q (y). (5) 

Let us define U q (sl(2)) to be the Hopf algebra generated by E+, h satisfying: 

[h,E±] = ±2E±, [E+,E-] = [h] q (6) 
A(E±) =E±®q h ' 2 +q- h ' 2 ®E±. (7) 

We will define e = q h / 2 E+,f = E_q- h / 2 . 

We can express the Drinfeld universal R matrix as 

_ h®h * , , 

R = q—R (8) 

with R — exp 9 -i ((q - q~ x )e ® /). 

The dynamical twist F is a function F : C* -> U q {sl{2))® 2 of zero weight, i.e [F(x), A(h)} = 0, 
satisfying the dynamical cocycle equation: 

F 12 ,z{x)F 12 {xq h3 ) = F h23 (x)F 23 (x), (9) 

where we have denoted F 12 3 (x) = (A ® id)(F(x)). 

An explicit solution was constructed by O. Babelon and reads: 

+ °° I 1 \k( n n -l\k /.fc(l-fe) 

F{x) = y Liagg ) — 1 e * g, /*. (io) 

If we define R(x) — F 2 i(x)^ 1 RFi 2 (x), R(x) is a solution of the dynamical Yang-Baxter 
equation i.e: 

Ri 2 (x)R 13 (xq h i)R 23 (x) = R 23 (xq hl )R 13 (x)R 12 (xq h3 ). (11) 

It was shown in that F(x) satisfies the linear equation 

F(x)B 2 (x) = R~ 1 B 2 (x)F(x), (12) 
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where B(x) — x h q h2 1 2 . 

This equation can be iterated and we obtain an expression of F{x) in term of an infinite 
product 0: 

+00 

F(x) = l[(B 2 (x) k R- 1 B 2 (x)- k ) (13) 

fe=0 

+00 

= J[ exp g (-(<7 - q- l )x- 2k q- 2k{ - 1+h ^e ® /) (14) 

fc=0 

This product is shown to be convergent in finite dimensional representations and for x suffi- 
ciently large. We can also express F(x) as: 

+00 

F(x) = H(B 2 (x)- k - 1 RB 2 (x) k+1 ), (15) 

k=0 

which is convergent in finite dimensional representations and for x sufficiently small. 
Babelon has shown that if we define M : C* — » U q (sl(2 j) by: 

M( X )= Y . \ J . ^_ g n : E n E rn (n + m)h/2 (lg) 

we have 

F(^)Mi(xg fe2 )M 2 (x) = A(M(a;)). (17) 

Note that M(x) is not of zero weight, i.e [M(x), h] 7^ 0. 
From this relation we obtain that: 

R(x)M 1 (xq h2 )M 2 (x) = M 2 (xq hl )M 1 (x)R, (18) 
i.e one can absorb all the dynamics through the use of M{x). 

Note that M(x) relates the dynamical R- matrix R(x), which in the affine case, would give 
the IRF Boltzmann weights, to the R matrix, which in the affine case, would give the vertex 
Boltzmann weights. This is the reason why M(x) is also called by extension IRF- Vertex trans- 
form. Such type of M, in matrix form, has been computed by Baxter in |14j and relates the 
IRF-model to the 8- Vertex solution. 

All these results have been obtained in the U q (sl(2)) case. Since we now have a good theory of 
dynamical quantum groups in the U q {o) case, one can expect that such results can be generalized 
to higher rank case. 

We will use the notations of 6]. We denote F(x) the dynamical twist in the U q (g) case where 
x = q x with A G f). The linear equation still applies in this case and we have: 

+00 

F(x) = l[(B 2 (x) k R- 1 B 2 (x)- k ), (19) 

k=0 

where B(x) and R is the straightforward generalization to higher rank as explained in 0. 

The product is convergent in finite dimensional representations and for A sufficiently large. 

The first result on coboundary element for higher rank case was obtained by Cremmer- 
Gervais in the sl(3) case and by Bilal-Gervais ^21 i n t ne sl(n + 1) case, where they have 
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shown that, in the fundamental representation of sl(n + 1), one can absorb all the dynamic of 
R(x) and one obtains: 

R(x)M 1 (xq h2 )M 2 (x) = M 2 (xq hl )M 1 (x)Rca, (20) 

with M(x) an (n + 1) x (n + 1) explicit matrix (of VandcrMonde type) and Rcg satisfying 
Yang-Baxter equation. 

Quite surprisingly Rcg is not the standard solution of Yang-Baxter equation and is not of 
zero weight. Its classical expansion Rcg = 1 + force + o(h) is associated to a particular solution 
of Belavin-Drinfeld classification. In the sl(n + 1) case it corresponds to taking the following 
Belavin-Drinfeld triple: 

T = {ax, • • • , a n } 

Ti = • ■ • ,a n -i},r 2 = {a 2 , ■ ■ • ,£*„} 
T : T 1 — > r 2 , o.i i * Oj+i. 

Unfortunately all these computations have been done in the fundamental representations and 
gives no real hints towards a precise universal formulation. The subject has seen a dramatic 
advance with the result of Etingof, Schedler, Schiffmann J2|> where they have shown how to 
quantize explicitly all classical solutions of Yang-Baxter equation given by a Belavin-Drinfeld 
triple. They have constructed for all Belavin-Drinfeld triple T a twist Jt = J G C/ 9 (g)® 2 , which 
satisfies 

Jl2,3Jl2 — Jl, 23^23- (21) 

and is such that J 2 iRJ\2 satisfies Yang-Baxter equation and is a quantization of the classical 
Tt matrix associated to T. The expression of J was obtained through a nice use of dynamical 
quantum groups and of a modification of the linear equation. Finally J is expressed as a 
finite product of explicit invertible elements. Therefore this result provides the answer of the 
construction of explicit universal formulas for the non standard solution of Yang-Baxter equation 
such as the Cremmer-Gervais 's one. 

It is therefore tempting to formulate the following conjectures: 

Conjecture 1 When g = sl(n + 1), there exists M : C*™ — > U q (g) such that: 

F(x)M 1 (xq h2 )M 2 {x) = A{M(x))J T , (22) 

with T given by the previous Belavin-Drinfeld triple. 

Conjecture 2 A solution to this equation is given in term of an infinite product of explicit 
invertible elements of U q (g) 

In the sequel we will reconsider these conjectures in the U q (sl(2)) case. The conjecture 1, in 
this case is already solved, but we will give a new formula for M(x) in this case and show that 
conjecture 2 is satisfied. We will then check directly on the infinite product expression that the 
coboundary equation is satisfied. 

II. The infinite product expression. 

Let Q : C* -> U q (sl 2). We denote 6Q the function SQ{x) = A{Q{x))Q 2 (x)- 1 {Q 1 (xq h2 ))- 1 . 
A dynamical group like element is a function g : C* — ► U q (sl 2) such that Sg(x) = 1. 
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One can easily construct such dynamical group like elements. Apart the constant group like 
element, one can also define for example: 

Example 1 g(x) = B(x) (23) 

Example 2 g(x) = (x; q) h = ( X [ q)o ° . (24) 

(xq ,q)oo 

If g : C* — > U q (h), is a dynamical group like element, then 

S(gQ)(x) = A(g(x))S(Q(x))(A(g(x)))-\ 

As a result if Q satisfies the coboundary equation QJ, from the h invariance of F(x), we obtain 
that gQ is also a solution of the coboundary equation. 

We will now show that there exists a solution of the coboundary equation which is written 
as a simple infinite product formula. We think that this proof, although a bit intricate, could 
be generalized to higher rank case in spite of unsuccessful attempt from us. 

Proposition 1 Let N : C* — > U q (sl2) defined as: 

N(x) = N-(x)N + (x) (25) 

with 

N + (x) = exp 9 -i(-xe) (26) 
N.(x) = f[ exp g _ 1 ( g - (2fe+1)(ft+1) ^- 2fc - 1 /)- (27) 

k— + OG 

N(x) satisfies the coboundary equation. 

In order to prove this proposition, we first begin by proving a lemma interesting in itself. 
We use the notations of the article [Hj: let g be a finite simple Lie algebra of rank r and 
denote by F : C* r — » U q (g)® 2 the solution of the dynamical cocycle equation. 

Lemma 1 Let u,v be maps from C* r to U q (o) and J an invertible element ofU q (o)® 2 . 
We define: 

l 

V (p \x) = Yl (B{x) k v{x)B{x)- k ) ,V { °\x) = 1 M(°'(i) = u(ie)- 1 

k—p 

jtfW(i) = V {p) {x)M i -°\x) F { p\x) = A (M^(x)) JI^fijj'MWfi/t 1 . 

we define G{x) = F^(x)- 1 A(B(x))- 1 F^(x)A(B(x)). 
Lf the following relation is satisfied: 

G(x) v{xq h2 ) 1 B{xq h2 )^ 1 , M<°> (xq h2 ) 1 v(x) 2 B(x)^ 1 M<°> (xq h2 )^ 1 ] = (28) 

as well as the asymptotic relations: 

lim B(x) k v(x)- 1 B(x)' k = 1 

k — > + oo 

lim A(B(x)) k F (0 \x)A(B(x)y k = 1 
lim A( J B(x)) fe G(x)A(S(a;))" fe = iT 1 , 

k — *+oc 
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then 



lim F (k) (x) = F(x). 

k — > + oo 



Proof: We first remark the following recursion relations: 

V {p) {x) = B{x)V {p - 1) {x)v{x)B{x)- 1 

M {p \x) = B(x)M (p - 1 \x) ^M (0 \x)- 1 v(x)B(x)- 1 M^(x)^ . 
This allows us to deduce the following recursion relation on (x) : 

F ip \x) = A(B(x)) A (m^ 1 ^)) A^M {0 \x)- 1 v(x)B(x)- 1 M iQ Hx)^ J (x)^ 1 (xq' 12 )^ 1 
= AiBix^F^ix) (^M^- 1 \xq h2 ) 1 M^- 1 \x) 2 J- 1 A(^M^\x)- 1 v(x)B(x)- 1 M^\xj) x 

x JM(°)(i) 2 - 1 FW(i)j 1 M( )(i ? * ! )i 1 yW(i(i' ,! )i 1 ) 
= A^^))^" 1 )^) (M^ 1 ' (V 2 )iM (! " 1) (i) 2 M<°) M^M' ' (ig ft2 )^ G^) )I (i g '' 2 ) 1 B(i g '' 2 1 x 

xM( \xq h2 ) 1 V ( P- 1 Hx)2 1 B(x)2 1 M^Hxq h2 )i 1 B(xq h2 )^^ 

In order to check the last equality, it is sufficient to show the following equality after having 
expanded V^ p \x) in terms of V^ p ~ 1 \x) : 

J- 1 A{M {0 \xy 1 v{x)B{x)- 1 M {0 \x))JM^\x)^ 1 V {p) {x)^ 1 = 
M^ix^M^ixq^ 1 G{x)v{xq h2 ) 1 B{xq h2 )^ 1 M {0 \xq h2 ) 1 V {p - 1) {x)^ 1 B{x)^ 1 . 

The left handside of this equation is equal to: 

M {0 \x)^ 1 M^(xq h2 )^ 1 F {0 \x)- 1 A{B{x)- 1 )F {1 \x)A(B{x)) x 
A(B(x)- 1 )M^(xq h2 ) 1 M^(x) 2 M^(x)^ 1 V {p) (x)^ 1 

which is shown to be equal to the righthandside of this equation using the definition of G(x) 
and the equality, 

AiBixy^M^ {xq^M^ {x) 2 M^ {x)^V {p) (x)^ 1 = 
v(xq h2 ) 1 B(xq h2 )^ 1 M (0 \xq h2 ) 1 V ip - 1) (x)^ 1 B(x)^ 1 . 

If G(x) satisfies the commutation relation of the hypothesis it necessarily satisfies: 

G{x) v(xq h2 ) 1 B(xq h2 )^ 1 , M^ixq^^ix^vix^M^ixq' 12 )^ 1 ] = (29) 
then, by recursion, we deduce 



~G{x) v(xq h2 ) 1 B(xq h2 )^ 1 , M { -°\xq h2 ) 1 V^- 1 \x)^B{xf 2 - 1 M { -°\xq h2 )^ 
We will now show that this relation implies: 



0. 



G 



(M^ 1 \xq h2 ) 1 M^- 1 \x) 2 M W (x)^ 1 M^(xq h2 )^ 1 G(x) v(xq h2 ) 1 B(xq h2 )7 1 x 
M^\xq h2 ) l V { P- l \x)- 1 B{x)- 1 M^\xq h2 )- 1 B{xq h2 ) 1 v{xq^ = 
V^- 1 \xq h2 ) 1 B{x)P- 1 G{x)(V^- 1 \xq h2 ) 1 B(x)P- 1 )- 1 A(B(x))- 1 . 



Indeed in this last equation by eliminating V^ p ~^ (xq h2 )i on the left and eliminating (U^ -1 - 1 (xq h2 )iB(x) p ~ 1 )~ 
on the right, we obtain the previous relation. 

It is now easy to simplify the recursion relation for (x) : 

F (p \x) = AiBix^F^-^ix) (v (p - 1) (xq h2 )iB(x)P- 1 ^ G(x) (v^ p ~ 1 \xq fl2 )iB(x) p ~ 1 ^j~ 1 A (B(x))~ 1 . 

Using the previous relation, as well as the formula 

B{x)2 i V^- 1 \xq h2 )^ 1 A{B{x))- 1 V^(xq h2 ) 1 B(x) i 2 +1 = v{xq h2 ) 1 B{xq h2 )^ 1 
we obtain finally 

F { p\x) = ( K A{B{x)f F {a \x)A{B{x)y p ^ x 

p-i 

x II ( B ( x )2 (A(B(x)) p - l G(x)A(B(x)y (p -^ ^B(xq h2 ) p - l v(xq h2 ) 1 B(xq h2 y (p ^ B(x)^ x 

i=0 

x fl ( y B(xq' l2 ) i 1 v(xq h2 )7 1 B(xq h2 )7 i ) . 
i=l 

Using the asymptotic properties, we have: 
lim (a(B{x)) p F^(x)A{B{x)Y P \ = 1 

p/2-1 

^ II (B(x)^(A(B{x)) p - l G(x)A(B{x))- {p - l) ) ( y B(xq h2 ) p - i v(xq h2 ) 1 B(xq h2 y {p - i) ) B(x)?) 
p ^ °° i=0 
= F(x) 

P -i 

hrn^ Y[ (b{x)\ [A{B{x)f- 1 G{x)A{B{x)y {p - l) ^j (^B(xq h2 ) p - i v(xq h2 ) 1 B(xq h2 )- {p - i) ^ B(x)-^ x 

P ^ °° i=p/2 
p/2 

X Yl (B(xq h2 )\v(xq h2 y 1 B(xq h2 )y) = 1 
i=l 

P 

lim TT (B(xq h2 y i v(xq h2 )7 1 B(xq h2 )7 t ) = 1, 
i=p/2+l 

we obtain the announced result, i.e. 

lim = F(x). 

p — > + oo 

We now prove the proposition using this lemma. 
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Proof: 

We restrict to U q (sl(2)) and we define the following elements: 



u = exp ? (e),« = exp q -i (f),b(x) = ?' 4 x* , (30) 

We set v(x) = b(x)~ 1 vb(x), u(x) — x h / 2 ux~ h / 2 , and set J = 1. They satisfy the following 
relations: 

A(u) = u 2 q~^~ Ui q *~ (31) 
A(v)=q^~v 2 q ~vi (32) 
ui q~ Ri 2 q~~ v 2 = q ~ v 2 q~^~ U\ q ~ (33) 

Using these relations we verify that F^°'(x) — 1, F^'(x) = R^ 1 = G(x). 
The relation (|29|l is shown to be satisfied using 132J1 and Q33JI ■ 

It remains to show the asymptotic properties. The first one is satisfied in finite dimensional 
representations and for x sufficiently large, the second and the third ones are trivial because the 
sequences are constant. □. 

We have designed the proof of the coboundary equation having in mind to generalize it to 
higher rank case. The important relation l|29Jl was a direct consequence of the two relations 
(|32I33JI . We can rewrite these relations using the quantum Weyl group element. Indeed let w 
be defined by: 

w = vq 4 u q 4 v = u q 4 vq 4 u . (34) 

This element satisfies 



whw- 1 = -h, wew- 1 = -q^^f, w/w" 1 = -eq h+1 (35) 
A(w) = R^w^. (36) 

We remark that the pair (u, v) solution of (|31I32I33I) can be constructed solely from u and 
w. Precisely: if u and w satisfy the relations (|3 11351 136|l as well as the relation 

h 2 

wuw = u~ 1 q~~ wu^ 1 , (37) 

then we can define v = q~ wu^ 1 w~ 1 q^ and the couple (u, v) satisfies the relations I|31I32I33|I . 

This is why we strongly suspect that the structure of the proof will remains unchanged in 
the U q (sl(n +1)) : w will be the longest element in the quantum Weyl group and the only 
unknown element to us is the element u, which definition must generalize the relations l|31l 13 7|) 
by incorporating Jt- 

We now come back to the relation between this infinite production solution and the solution 
of Babelon: they are related by a dynamical group like element. It amounts to reorder the e and 
/ in Babelon's formula and to transform a sum in a product. We found it in a very indirect way 
using the relation between the matrix element of M{x) and the 3j-symbols of U q (sl(2)) [B]. It 
was for us very surprising that such a factorization occurs because the formula for M{x) involves 
the factor q mn which prevents to disentangle the double sum in the opposite factorization. They 
are related by a dynamical group like element: 

Proposition 2 Let M(x) be the element defined by 111 (A) it satisfies: N(x) — (q 2 x 2 ; q 2 )hM(x). 



Proof: We first reorder the e and the / in Babelon's formula. We will first show that 

M(x) =N-(x)N + (x) (38) 

where 

By projecting on each weight space for the adjoint action, this amounts to show that the following 
identities are satisfied for every r G Z : 

V 1 ' q 1 e" f m = (40) 

^ [mllMlTT" AxqP-x^q-P) J 1 ' 

n,m>0,n-m=r L 1 L J li P=l v y y ' 

V q^^{-xf^_ i-x) 1 fc , . . 

To prove this identity it is sufficient to show that it holds in any finite dimensional repre- 
sentation of U q (sl(2)). The simple p + 1 dimensional module of U q (sl(2))) has a basis Vk with 
k — 0, with the following action: 

= (p-2k)v k ,ev k = \p - k + l] q v k - U fv k = [k + l] q v k+1 . (42) 

We will show it for r > 0, the proof is similar for r < 0. A straightforward computation 
shows that the left-handside of l|4U|l acting on v k is equal to: 

:/ ' ~ ''' ''~ '' J!,/ " ^ 2 ( g 2 ( fc+1 ) !g 2 ^;^+ 1 ),x\ 2 ^+ 1 );q 2 )( S \ 2 (P- 2fc + 2 ^ 



\p-kmn r P =i(xq p -x- 1 q- p Y 

(43) 

whereas the action of the right-handside of (|4f|l acting on gives: 

r ^ ImXfiTK^ 2Mq 2{p+r ~ k+1 \ q 2{r ~ k) \ q 2{r+1) , zV (p - 2fe+2r+1) ; q 2 )(xV ir+1) )v k - r - 

\p-k\l[r\l{q 2 x 2 ;q 2 )p-2 k+ 2r 

(44) 

These two expressions are equal thanks to the following identity on hypergeometric functions 
2 <P2(a 1 b;c,d;q)(cd/ab) = ^ cd / ab ^°° 2 ip 2 ( c /a, c/b; c, cd/ab; q)(d), (45) 

which is proved using the transformation of 3(^2 series (formula III. 9) of the appendix of the 
Gasper-Rahman book |15|. 

It remains to show that N-(x) — N—(x), this is easily proven by equating the projection on 
the second space of the two expressions of F(x) as a series l|10|) and as a product (|I4|I . 



III. Conclusion 

We hope that this result will trigger some further work on this subject. Thirteen years after the 
work of Cremmer-Gervais, there is still no universal formula for M(x) for U q (g) with rank(g) > 1. 
This problem has certainly a reasonable answer. From the study of the U q (sl{2) case it shows 
that the quantum Weyl group will certainly play a decisive role. There are questions that arose 
in the discussions with experts on the subject and which should be answered: 
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-What is the validity of the conjecture 1? What is the reason of the appearance of a specific 
Belavin-Drinfeld triple? 

-Can it be generalized to other Kac-Moody algebras of finite type or affine type? 

-In the affirmative case, can it be used to define an IRF- Vertex transform in the affine case 
with potential applications to integrable systems? 

-What is the relation, if any, between M(x) and the dynamical quantum Weyl group |16| ? 

Added comment. The referee of this article pointed out that H. Rosengren has proved a 
factorization result of M(x) in J7| in a different context. 
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